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Generation of fast electrons by breaking of a laser-induced plasma wave
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A one-dimensional model for fast electron generation by an intense, nonevolving laser pulse propagating
through an underdense plasma has been developed. Plasma wave breaking is considered to be the dominant
mechanism behind this process, and wave breaking both in front of and behind the laser pulse is discussed. Fast
electrons emerge as a short bunch, and the electrostatic field of this bunch is shown to limit self-consistently
the amount of generated fast electrons.
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I. INTRODUCTION

Fast particle generation, the production of multi-Me
electrons during the propagation of an intense (1019 W/cm2)
laser pulse through an underdense plasma, is an aspe
laser-plasma interaction that has recently attracted a lo
attention, in both theoretical and experimental circles. T
effect has been observed in many experiments@1–6#, as well
as in numerical simulations@7,8#.

At the heart of this phenomenon lies the capture of plas
electrons by the laser-induced wake wave. Once captu
these electrons are accelerated by the wakefield, just as
laser wakefield accelerator. Breaking of the wake wave
been suggested as the dominant mechanism for electron
ture @2#, although Raman backscattering might play a role
preaccelerating a small fraction of the background plas
electrons, which are then more easily captured and acc
ated by the wake wave@5,6,9#. Closer investigations of elec
tron capture due to wave breaking can also be found in R
@10,11#. Electron capture in a plasma wave induced by
relativistic electron bunch has been studied in Ref.@12#

In this paper, we develop an analytical one-dimensio
~1D! model for the behavior of plasma waves, driven by t
ponderomotive potential of a short@L.O(lp)# intense laser
pulse. We assume that the laser pulse envelope does
evolve during its propagation through the plasma, and st
only the plasma response to the pulse; as a consequen
this, the laser pulse intensity will not increase due to ins
bilities. This assumption is motivated by the observation t
very short laser pulses show only minor envelope modifi
tion during their propagation through a plasma@13,14#,
whereas longer pulses show significant pulse shape mo
cation due to, among other things, Raman scattering.
explore several scenarios that lead to the breaking of
plasma wave, and derive the necessary conditions for th
happen. We show that the fast electrons emerge as a
short bunch, whose electric field will limit the amount
generated fast electrons in a self-consistent way. From
we derive the maximal charge density of the bunch a
function of laser pulse intensity.

II. ONE-DIMENSIONAL NONLINEAR PLASMA WAVES

In this paper, we start from an infinitely extended, hom
geneous plasma, through which a laser pulse propagate
1063-651X/2001/63~2!/026406~5!/$15.00 63 0264
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thez direction. The laser and plasma frequencies are den
by v andvp , respectively, and the plasma is assumed to
underdense:vp,v. We denote the group velocity of th
laser pulse, which is at the same time the phase velocit
the wake wave, byvw , and the corresponding Lorentz facto
by gw .

The following model assumptions concerning the plas
are made: the plasma is cold and temperature effects
neglected; the plasma electrons are initially at rest;
plasma background densityn0 changes on a very larg
length scale, son0 will be considered a constant. Concernin
the laser pulse, we assume that it is one-dimensional
circularly polarized, and that its envelope does not chang
it propagates through the plasma; as a consequence, inst
ties in the pulse evolution due to Raman scattering are
investigated here. Furthermore, we assume thatgw is suffi-
ciently large so all the terms ofO(1/gw

2) or smaller can be
neglected.

After separating fast and slow time scales, the slow, l
gitudinal motion of the electron fluid is governed by th
following equations~the Coulomb gauge is used here!:

]n

]t
1

]

]z
~nvz!50, ~1!

]2Fs

]z2
524p~n02n!e, ~2!

]pz

]t
5

]

]z
~eFs2gmc2!, ~3!

where n denotes the electron density,vz and pz
the electron speed and momentum, g
5A11pz

2/(mc)21(euA'u)2/(mc)2 the Lorentz factor,uA'u
the amplitude envelope of the laser pulse, andFs the elec-
trostatic wakefield potential. The other symbols have th
usual meanings.

We apply the usual scaling transformations:t85vpt, z8
5(vp /c)z, v85v/c, p85p/(mc), Fs85eFs /(mc2), A'8
5eA' /(mc), and drop the primes for convenience. In t
scaled variables,g5A11pz

21U, whereU5A'
2 denotes the

laser pulse envelope. We also introduce the new coordin
©2001 The American Physical Society06-1
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z5z2vwt, t5t. In line with our model assumptions, th
wave is stationary in the frame moving with the pulse, i.
]/]t50.

At this point, it is convenient to introduce the variab
pªg2vwpz . As follows from the equations of motion,p
511Fs . From its definition, it follows thatp has a
U-dependent lower bound,p>p0(U)ª(A11U)/gw for all
pz . Furthermore,p reaches its lower bound for a certa
value ofpz , p5p0(U) for pz5pcrªgwvwA11U. As a re-
sult of this, the mappingp°pz is double valued:

pz65gw
2@vwp6Ap22~11U !/gw

2 #, ~4!

wherepz2,pcr andpz1.pcr . Since we wish to study regu
lar plasma waves first, where the particle velocity is bel
the wave velocity, we takepz5pz2 for the moment.

After substitutingvz5pz(p)/g, the equation forp takes
the form

d2p

dz2
52

]

]p
V~p,U !,

V~p,U !5gw
2@p2vwAp22~11U !/gw

2 #. ~5!

This differential equation describes anharmonic oscillatio
of the variablep. ~See also Ref.@15# for a similar equation,
although with a slightly differentV(p,U), or Ref.@16# for a
similar equation with ion motion included.! It is analogous to
the Newton equation for a virtual particle with ‘‘coordinate
p, moving in a 1D ‘‘potential well’’V(p,U), wherez is the
‘‘time’’ and U(z) acts as a ‘‘time’’-dependent paramete
Continuing this analogy, we define the ‘‘velocity’’ of th
virtual particle asdp/dz, and its ‘‘kinetic energy’’ as
1
2 (dp/dz)2. Although somewhat artificial, the description
plasma oscillations in terms of oscillations of a virtual pa
ticle will provide much insight in this case, especially wh
studying necessary conditions for the occurrence of w
breaking.

It should be noted that a maximum~minimum! of p cor-
responds to a minimum~maximum! of the local electron
density, with minimal~maximal! electron fluid momentum
pz and zero electric field. The minimum ofV(p,U) as a
function ofp corresponds to a point with maximalu]p/]zu,
i.e., maximal electric field,zero electron fluid momentum
pz , andn5n0.

When p↓p0(U), we have ]V/]p→2`, n→`, and
pz25pz15pcr . It is possible that, after passing this poin
pz5pz1 for some plasma electrons, sop5p0(U) is a bifur-
cation point. These electrons then overtake the wake w
which is called wave breaking@19,20#. It can be concluded
from the equations of motion that wave breaking is bound
happen if a sufficiently large oscillation is excited in th
plasma.

III. EXCITATION OF 1D PLASMA WAVES

Following the approach of the previous section, longi
dinal plasma waves are described as oscillations of a vir
particle with ‘‘coordinate’’ p(z), in a potential well
02640
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V(p,U). The mechanism behind the excitation of such o
cillations by strong laser pulses will be considered below

For simplicity, we assume the laser intensity envelo
U(z) is rectangular:

U~z!5H U0 , 2L<z<0

0 otherwise.
~6!

This allows us to write down the energy equation for t
virtual particle:

]

]z F1

2 S ]p

]z D 2

1V~p,U !G50, ~7!

where one can seeV(p,U) as a function ofp in two param-
eter regimes,U50 andU5U0. Oscillations are excited by
moving the virtual particle away from the bottom of the ‘‘po
tential well,’’ located atp5pmªA11U. This will be done
as follows~roman numbers correspond to those in Fig. 1!.

~I! In front of the pulse, the plasma is at rest, so we s
at p515pm for U50.

~II ! At z50, U increases toU0, while p remains con-
stant. Since the minimum ofV(p,U0) is at p5A11U0
.1, the virtual particle will start to oscillate betweenp51
andp5p II(U).1, wherep II(U) denotes the other solutio
to V(p,U)5V(1,U), and is given by

p II~U !5gw
2S 22

1

gw
2

22vwA12~11U !/gw
2 D . ~8!

~III ! When the laser intensity drops back to zero atz5
2L, the potential energy of the virtual particle drops fro
V„p(L),U0… to V„p(L),0….

~IV,V ! Since (]p/]z)2.0 andp.1, an oscillation in the
potential well forU50 has been excited.

The total ‘‘energy’’ of the oscillation is given by
V(1,U0)2V(1,0)2„V„p(L),U0…2V„p(L),0)…, and since
V(p,U0)2V(p,0) decreases for increasingp, we find that
the total oscillatory ‘‘energy’’ at a given pulse intensityU0 is
maximal forp(L)5p II . Forp(L),p II , the total ‘‘energy’’
differs from the maximal ‘‘energy’’ as DE;O„@p II
2p(L)#2

….
One must note that, whereas the front edge of the la

pulse increases the potential energy of the virtual parti
the back edge decreases it; in the special case thatp(L)
51, the final energy of the virtual particle will be zero, an

FIG. 1. Excitation of a plasma oscillation by a rectangular pu
with n/ncr50.02 andU0510.0.
6-2
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GENERATION OF FAST ELECTRONS BY BREAKING OF . . . PHYSICAL REVIEW E 63 026406
there will be no wake behind the pulse. For this reason,
define the pulse lengthL to be optimal if the excited plasm
oscillation has the maximal possible energy for the pu
intensity U0. For the remainder of this paper,L is always
assumed to be optimal.

If the total ‘‘energy’’ level of the oscillation after passag
of the pulse exceedsV„p0(0),0…5gw , then we will have
p(z)5p0(0) for somez, while u]p/]zu.0. @This means
that, in Fig. 1, the end pointp0(0) will be reached.# As
mentioned above, the wave breaks at this point. For
maximal electrostatic field associated with a wave on
verge of breaking, we find, using]p/]z5(v/vp)Ez and
(]p/]z)2<2@V(p0,0)2V(1,0)#,

Emax5~vp /v!A2~gw21!, ~9!

which coincides with the wave breaking limit obtained
Akhiezer and Polovin@18#.

IV. FAST PARTICLE GENERATION
AS WAVE BREAKING

Thus, we know that the wake wave driven by the la
pulse breaks ifp(z)5p0(U0) at some point, causing th
production of electrons with speedvz.vw . These electrons
may be captured and accelerated by the wake wave it
attaining a final energy up to 2gw

221. This mechanism is
believed to be responsible for fast particle generation by
tense laser pulses@2#. We are going to investigate two pos
sible scenarios for reaching the wave breaking point:~i!
wave breaking at the front edge of the laser pulse, and~ii !
wave breaking during the first plasma oscillation behind
pulse.

In the first scenario, the envelopeU(z) increases from 0
to its maximum valueU0, while at the same time,p stays at
its original value of 1.~See steps I and II in Fig. 1.! The
corresponding value ofp0(U) increases from 1/gw to
(A11U0)/gw . If p0(U) reaches the initial value ofp51,
the singularity atp5p0(U) will be encountered right at the
front edge of the pulse. The threshold for this mechanism
wave breaking is

U05gw
221. ~10!

This scenario could dominate fast electron generation at h
laser intensities, but it does not explain the intensity thre
olds found in experiments and simulations, which are co
monly one order of magnitude lower than predicted.

In the second scenario,U0 is assumed to be belowgw
2

21, so there will be no wave breaking at the front edge
the pulse. Instead, a plasma wave will be excited tha
strong enough to break behind the pulse. As shown in
previous section, this will happen as soon as the total ene
of the oscillation exceedsgw . This situation can be reache
as follows. Definep1 as the other solution forp of
V(p,0)5V(p0,0):

p15gw
2~221/gw

2 !p0~0!5gw~221/gw
2 !. ~11!
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Clearly, the energy of the system will reach the wave bre
ing threshold if at point III in Fig. 1p(L)>p1.

If L is optimal, i.e.,p(L)5p II(U0), wave breaking will
occur if p II(U0)>p1, or

U0>2~gw21!2
gw21

4gw
2~gw11!

, ~12!

which, sincegw is assumed to be large, will be approximat
by U0>2(gw21).

For anygw.1, we find that the wave breaking limit fo
U0 in the second scenario is smaller than in the first scena
so this second scenario is at least partly responsible for
electron generation at intensities belowgw

221, and it might
define the intensity threshold for the existence of this p
nomenon.

As an example, we see that forn0 /ncr50.02 and laser
wavelengthl05800 nm, the first scenario predicts wav
breaking forU0>49, corresponding to a power threshold
1.131020 W/cm2. The second scenario predicts a pow
threshold of 2.631019 W/cm2. Simulations by Nagashima
et al. @17# predict a threshold of approximately 1019 W/cm2

for this case. Malkaet al. @4# conducted simulations with
n0 /ncr50.05 and l051 m m, and found an intensity
threshold of 101821019 W/cm2, where our first scenario pre
dicts P52.731019 W/cm2 and the second predictsP51.0
31019 W/cm2.

One should also note that several other mechanisms e
that may cause fast electron generation, such as Raman b
scattering~see Ref.@9#! and thermal effects~see Ref.@20#!.
The associated intensity thresholds are slightly lower th
those derived above.

V. BEHAVIOR OF THE BROKEN WAVE

The simple one-fluid model discussed here is suitable
the description of the plasma wave only until it breaks. F
the description of the plasma after wave breaking, the mo
needs to be extended as follows. The plasma electrons
tured by the wake wave can ultimately reach an energy
g f52gw

221, and a corresponding velocityv f with vw,v f

,1. However, bothvw andv f are close to 1; for example, i
gw57.1, we have 12vw50.01, and 12v f5531025. This
means that captured plasma electrons will remain virtua
immobile with respect to the wakefield, and bunch up just
front of the wave breaking point. This process cannot
described by our simple one-fluid model, so we need to
tend the model to include the effect of a very short bunch
captured plasma electrons, moving with the wakefield. In
extended model, the relative density perturbation caused
fast electrons is approximated by a ‘‘sheet’’ of charge,
cated atz5z0, close to the value ofz at which the wave
broke~about half a plasma wavelength behind the back e
of the pulse!. As we shall see, the charge density in the sh
will increase until a certain limit has been reached. The
new stationary state will be reached, consisting of a la
pulse, a plasma wave in the wake of the sheet, a charge s
of a certain density located in the wake wave, and a~regular!
6-3
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plasma wave in the wake of the sheet. This line of reason
is supported by the simulation results of Nagashimaet al.
@17#, which show a sharp spike in the electron density le
ing the plasma and staying closely behind the laser puls

With the additional contribution of the charge sheet, t
differential equation forp becomes@compare to Eq.~5!#:

]2p

]z2
52

]

]p
V~p,U !1Qd~z2z0!, ~13!

whereQ represents the saturated surface electron densit
the sheet. We find that for bothz.z0 andz,z0 the energy
equation ~7! still holds, while the presence of the she
causes a jump in]p/]z at z5z0, i.e., a jump in the electro
static field. One should keep in mind that the extraction
fast electrons from the plasma leaves a positive charge
hind, and the contributions to the electrostatic field of the f
electrons and the positive charge cancel in front of the pu
so the presence of the charge sheet will not be felt foz
.z0.

The scenario of plasma wave excitation is depicted in F
2.

~I–V! A plasma oscillation is excited similarly to the sc
nario without the charge sheet. Its energy level is higher t
the energyV(1/gw,0)5gw of the end point of the potentia
well.

~VI ! After passage of the charge sheet atz5z0 , ]p/]z
has decreased byQ, and since]p/]z.0 for z.z0 we find
that the ‘‘kinetic energy’’ of the virtual particle has also d
creased. Sincep'p0(0) atz5z0, the ‘‘kinetic energy’’ just
before passage of the charge sheet is given by1

2 (]p/]z)2

5V„p II(U),0…2V„p0(0),0…. As long asQ is small, one still
has ]p/]z.0 after passage of the charge sheet, and
growth of Q will continue; however, as soon asQ2

52@V„p II(U),0…2V(p0,0)#, fast electron generation, i.e
increase ofQ, will stop.

~VI,VII ! In the stable situation where the charge sh
prevents further wave breaking, there is a regular plas
oscillation behind the sheet.

From

V~p0~0!,0!5gw , ~14!

V„p II~U !,0…5gw
4~X2vwAX221/gw

6 !, ~15!

FIG. 2. The evolution ofp and the total energy level of th
system in the case of wave breaking and subsequent plasma
tron capture. The laser and plasma parameters aren/ncr50.02 and
U0515.
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Xª
p II

gw
2

522
1

gw
2

22vwA12
11U

gw
2

, ~16!

we find that the fast electron generation will stop as soon

Q'AS gw
21

1

4DX1
vw

gw
2X

22gw,

'A~U2Ucr!1
2~U2Ucr!

21Ucr
1

~U2Ucr!
2

~21Ucr!
2
. ~17!

Quite obviously,U>Ucr52(gw21) is the necessary cond
tion for the formation of a charge sheet to happen. Sin
there will be no further charge buildup past this point, t
above expression provides an upper limit forQ. The total
surface charge density of the generated fast electrons wi
(n0 e c/vp)Q. ~See Fig. 3.!

The behavior ofQ vs U0 in Fig. 3 is in good qualitative
agreement with simulation results by Nagashimaet al. @17#.

Note thatU/gw
2 should remain sufficiently small, other

wise wave breaking at the front of the pulse occurs, and
approximations made in the above equations are no lon
valid.

VI. CONCLUSIONS

In summary, we developed a one-dimensional model
fast electron generation by a strong, nonevolving laser pu
propagating through an underdense plasma. Fast part
emerge as a result of wave breaking causing captured pla
electrons to bunch up just in front of the wave breaki
point. The model describes the excitation of plasma osci
tions by the ponderomotive force of the laser pulse, and p
vides intensity thresholds for the occurrence of wave bre
ing. It also includes, in a self-consistent way, the capture
acceleration of plasma electrons during wave breaking.
predicted intensity thresholds agree with well-known analy
cal results, and the amount of fast electrons as a functio
laser intensity is in qualitative agreement with the results
recent particle-in-cell simulations@17#.

lec-

FIG. 3. The total extracted charge densityQ as a function ofU0

for (vp /v)250.02, 0.05.
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